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Abstract
Motivated by the holographic principle, within the context of the AdS/CFT Cor-
respondence in the large t’Hooft limit, we investigate how the geometry of certain
highly symmetric bulk spacetimes can be recovered given information of physical
quantities in the dual boundary CFT. In particular, we use holographic entangle-
ment entropy proposal (relating the entanglement entropy of certain subsystems on
the boundary to the area of static minimal surfaces) to recover the bulk metric using
higher dimensional minimal surface probes within a class of static, planar symmetric,
asymptotically AdS spacetimes. We find analytic and perturbative expressions for
the metric function in terms of the entanglement entropy of straight belt and circular
disk subsystems of the boundary theory respectively. Finally, we discuss how such
extractions can be generalised.
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1 Introduction
Maldecena’s AdS/CFT correspondence[1, 2, 3] states that
Conjecture 1.1 Type IIB superstring theory with AdS5×S5 boundary conditions is equiv-
alent to N = 4, SU(N) Super-Yang-Mills theory (SYM) in 3 + 1 dimensions.
N = 4, SYM in four dimensions is a non-Abelian supersymmetric gauge theory with con-
formal symmetry. Anti-de Sitter, or AdS space, is a maximally symmetric solution of
Einstein’s equations with negative cosmological constant. This implies that the AdS/CFT
correspondence is a duality between a four dimensional gauge theory and a five dimensional
gravitational theory. In some sense, it is useful to think of the gauge theory as “living on
the boundary” of the bulk AdS spacetime. Infrared effects in AdS space correspond to
ultraviolet effects in the boundary theory, known as the UV/IR connection. The fact that
the physics in the bulk AdS space can be described by a field theory of one less dimension
is one example of the “holographic principle”. In a quantum gravity theory, all physics
within some volume can be described in terms of some theory on the boundary which has
one bit of information per Planck area. This holographic bound is the physical interpreta-
tion of the UV/IR connection[4].
The idea of a holographic interpretation of a quantum gravity theory in terms of a
boundary gauge theory lead Polchinski and Horowitz[5] and others to propose a “gauge/gravity
duality”. This asserts that
Conjecture 1.2 Hidden within every non-Abelian gauge theory, even within the weak and
strong nuclear interactions, is a theory of quantum gravity.
Such a duality can be motivated without the notion of string theory, although one finds
string theory is hidden within this description.
The fact that gauge theories and string theories are related is not unusual. It had
already been noted by t’Hooft[6] in 1973 that the large N limit (where N is the number of
colours) of certain gauge theories at strong coupling correspond to worldsheet string per-
turbation theory at weak coupling. It is this strong/weak coupling duality in AdS/CFT
that allows us to study the non-perturbative regime of string theory by looking at weakly
coupled gauge theories.
An immediate application of AdS/CFT was proposed by Witten[3], where he found a
one-to-one correspondence between operators in the field theory and fields propagating in
AdS space by equating the generating functional of correlation functions in the CFT to
the full partition function of string theory. This allows computation of correlation func-
tions in the gauge theory in terms of supergravity Feynman diagrams. This is an explicit
manifestation of the AdS/CFT correspondence and provides us with a dictionary from
which one can relate observables in the bulk to observables on the boundary. In particu-
lar, since AdS/CFT relates weak and strong coupling, bulk physics with high curvature is
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related to weakly coupled field theories where one can perform perturbation theory. This
has been applied in a process known as holographic renormalization where one can obtain
renormalized QFT correlation functions by performing computations on the gravity side of
the correspondence[7]. This has been used to compute such quantities as the expectation
value of the boundary CFT stress-energy-momentum tensor associated with a gravitating
system in asymptotically anti-de Sitter space[8].
By relating thermodynamic properties on both sides of the correspondence, it was
shown[9] that N = 4 SYM theory in a thermal state is dual to a large mass, AdS-
Schwarzschild black hole. This was developed by [10] to argue that an eternal black hole in
AdS spacetime can be holographically described by two identical copies of the dual CFT
associated with the spacetime and an initial entangled state. This allowed a whole swathe
of research on trying to understand the basic non-perturbative aspects on both sides of
the correspondence. Characteristic properties of confinement and asymptotic freedom in
QCD have been investigated using the AdS/QCD correspondence[11, 12, 13, 14], where
one can perform calculations in a weakly coupled string theory. More recently, superflu-
idity and superconductivity in, for example, strongly coupled plasmas have been studied
by applying AdS/CFT to condensed matter systems, known as AdS/CMT[15, 16, 17, 18].
On the gravity side, properties such as causal structure, event horizons and singularities
could equally well be understood using strongly coupled gauge theories. In particular, one
might hope to better understand the physics of black holes, including the description of
physics behind the horizon.
By identifying field theoretic observables, in particular boundary correlation functions,
work was done on identifying signals of the bulk curvature singularity[19, 20, 21, 22, 23, 24].
It was observed that signals of black hole singularities in the bulk can be identified by con-
sidering nearly null spacelike probes. These provide a large contribution to the boundary
field theory correlation function, giving rise to “light-cone” like singularities. These results,
however, were limited to static geometries, and one would prefer to investigate properties
of CFT correlators which correspond to manifestly time-dependent spacetimes, such as
gravitational collapse scenarios. Fortunately, it was shown by[25] that this can be achieved
by examining the structure of singularities for generic Lorentzian correlators. It is already
known that CFT correlators will exhibit light-cone singularities when the operator inser-
tion points are connected by strictly null geodesics. However, by considering boundary-to-
boundary null geodesics which penetrate the bulk, the CFT correlator exhibits additional
singularities inside the boundary light cone, called“bulk-cone singularities”[25].
Through this relationship, one can probe the geometry of certain asymptotically AdS
spacetimes given information of boundary data, namely the locus bulk-cone singularities.
More specifically, one can attempt to reconstruct the metric of certain classes of spacetimes
given such boundary data. This was achieved numerically in[26], for a general class of static,
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spherically symmetric, asymptotically AdS (d+ 2)-dimensional spacetimes with metric
ds2 = −f(r) dt2 + h(r) dr2 + r2 dΩ2d. (1.1)
In the simplified case where h(r) = 1
f(r)
,[26] was able to extract the metric function f(r)
given information of the locus of endpoints of boundary-to-boundary null geodesics en-
capsulated by the function’s worth of information ∆t(∆φ). ∆t and ∆φ are the time and
angular separation of null geodesic boundary endpoints respectively. Complementing this
work, it was shown in [27] that one can achieve the extraction analytically via the observa-
tion that the expression for ∆t(∆φ) in terms of f(r) reduces to a standard integral equation
with known solution. By applying this solution to various expressions for ∆t(∆φ), we were
able to recover the same limitation on the extraction as illustrated in [26], namely that
spacetimes admitting null circular orbits with radius rm can only be recovered in the region
r ∈ (rm,∞). Unique to this analytical approach, we showed in [28], that given ∆t(∆φ) as
a convergent series, one can always find a convergent series solution for the metric function
f(r). This is verified in the case of the AdS-Schwarzschild black hole solution.
Pursuing the theme of extracting metric data given information of the dual CFT, one
can look for alternative bulk geodesic probes corresponding to some observable in the dual
CFT which go behind the region r ∈ (rm,∞). As identified in the review [29], for fixed
energy and angular momentum, boundary spacelike geodesics provide such a probe. Thus,
by identifying boundary observables corresponding to such a probe, one may attempt to
learn more about the bulk geometry. This was achieved in [30, 31], which related the area of
co-dimension 2 static1 minimal surfaces anchored to the boundary, with the entanglement
entropy of some subsystem in the boundary CFT. In the specific case of a 2+1-dimensional
bulk, the area of the static minimal surface is the proper length of a zero-energy boundary
spacelike geodesic.
It had been known for a while[33] that black hole entropy SBH , which can be calculated
from the horizon area A in Planck units using,
SBH =
A
4
, (1.2)
is related to a quantity known as entanglement entropy (or geometric entropy) of a QFT.
This is defined as the von Neumann entropy of a reduced density matrix by tracing out
the degrees of freedom of a certain subsystem. Thus it measures how closely entangled a
quantum system is. Since the eternal black hole in AdS is related to an entangled state in
the CFT[34], it is natural to assume a relationship between horizon area in the bulk, and
entanglement entropy on the boundary. It was this proposal by Ryu et.al. that lead to
1In this paper, we restrict our analysis to static spacetimes where ∂t is Killing. However one can
extend this relationship to time-dependent cases such that the area/entropy formula is fully covariant[32].
Extensions to these cases are discussed in §7.
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the existence of such a holographic description2 exist in the form of minimal surface areas.
More specifically, it was shown that
Conjecture 1.3 The entanglement entropy SA of a static subsystem A in a (d+1)−dimensional
CFT can be determined from a d-dimensional static minimal surface γA, in the dual (d+2)-
dimensional bulk, whose boundary is given by the (d− 1)-dimensional manifold ∂γA = ∂A.
The entropy is given by applying the usual Berkinstein-Hawking area/entropy relation
SA =
Area(γA)
4G
(d+2)
N
. (1.3)
It is this proposal which was used in [36] to numerically recover the metric function h(r)
in a (2 + 1)-dimensional bulk described by the metric (1.1). The boundary observable in
this case is the entanglement entropy SA(l) in an infinitely long one dimensional system
where A is an interval of length l. This was combined with bulk-cone singularities in null
boundary probes to show the one can extract both metric functions in (1.1) in (2 + 1)-
dimensions. Following the same reasoning, it was shown in [27] that expressions for ∆t(∆φ)
and SA(l) reduce to simple integral equations in terms of the metric functions f(r) and
h(r). Thus providing an analytical method for determining metric (1.1). For spacetimes
with an event horizon, [27] showed that h(r) can be extracted in the region r ∈ (r+,∞),
where r+ is the horizon radius. Since for all physical spacetimes r+ ≤ rm, this method
allows one to reconstruct deeper regions of the bulk, thus agreeing with the analysis of [29].
A major limitation of the extraction method in [27], was the restriction to a (2 +
1)−dimensional bulk spacetime. As is pointed out in [29], for sensible spacetimes the
surfaces anchored to the boundary of higher dimensionality probe deeper into the bulk.
So, by not restricting ourselves to 1-dimensional probes, and utilising the full form of (1.3),
one would hope to recover a larger region of the bulk. This is the main motivation behind
this paper, where we consider the static, planar symmetric asymptotically AdS metric
ds2 = R2
(
−h(z)2 dt2 + f(z)2 dz2 +∑di=1 dx2i
z2
)
, (1.4)
and ask whether one can recover the real metric function3 f(z) given the entanglement
entropy of certain multi-dimensional subsystems of the boundary CFT using (1.3). This
is discussed in the context of two particular simple subsystems defined in [35], namely the
infinite strip AS and the circular disk AD. We will show that in the case of the infinite
strip, one can again reduce the problem to a known integral equation, thus solving for
f(z) in terms of the entanglement entropy SAS(l). We find the solution consistent with the
known pure AdS result and find a series solution for f(z) in perturbed AdS spacetimes. We
then turn our attention to the circular disk AD. We find that the reduction in symmetry
2For a good review of all aspects of holographic entanglement entropy, see [35].
3Since we are considering only static surfaces, expressions for the area do not depend on h(r), and so
cannot be determined using the method outlined.
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of the minimal surface equations means that we must resort to a perturbative analysis.
We outline a method for determining the area of minimal surfaces anchored to ∂AD by
perturbing around the pure AdS solution of a hemisphere and recover analytical expressions
at first order. By doing so, we illustrate in the simple case of the planar black hole, the
positive correlation between surface dimension and the depth probed in the bulk.
2 Static Minimal Surfaces in AdS
In this section, we extend the work of [27] by attempting to extract metric functions in any
dimension using the holographic entanglement entropy proposal (1.3), for certain static
subsystems A of the boundary theory. In particular, we consider two specific forms of A,
the straight belt of width l
AS = {xi|x1 = x ∈ [−l/2, l/2], x2,3, . . .,m ∈ R}, (2.1)
and the circular disk of radius l
AD = {xi|r ≤ l}, where r =
√√√√ m∑
i=1
x2i . (2.2)
Both subsystems are defined in terms of boundary planar spatial coordinates {xi} ∈ Rm,
thus we should look for a class of metrics which respects this planar symmetry on the
boundary. A simple class of asymptotically AdS metrics which preserves planar symmetry
in the bulk and the boundary is given by
ds2 = R2
(
−h(z)2 dt2 + f(z)2 dz2 +∑di=1 dx2i
z2
)
. (2.3)
The metric is written in AdS Poincare´ coordinates where z ≥ 0 is the bulk coordinate, and
where z = 0 defines the boundary. f(z) and h(z) are arbitrary real functions which have
the asymptotic behaviour
h(z)2,
1
f(z)2
→ 1 +O(zd+1), as z → 0. (2.4)
The most well known example of such a spacetime given by (2.3) is the AdS planar black
hole with horizon at z = z+. The metric functions are given by
h(z)2 =
1
f(z)2
= 1−
(
z
z+
)d+1
. (2.5)
It can be recovered from the AdSBH in global coordinates by taking the large horizon
radius limit r+/R 1 and performing the coordinate transformation z = R2/r.
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Figure 1: These plots depict the shape of static minimal surfaces γA anchored to the
straight belt AS of width l and the circular disk AD of radius l. The subsystems AS and
AD sit on the boundary, where we have regulated the boundary directions to be of length
L.
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The holographic interpretation of entanglement entropy relates the entanglement en-
tropy SA in a d + 1 dimensional boundary CFT to the area of an d−dimensional static
minimal surface γA (see figure 1) whose boundary is the boundary of the subsystem A,
i.e. ∂γA = ∂A. Since the purpose of this chapter is to extract the metric function
4 f(z)
given SA, one must first find an expression for the minimal surface γA and thus Area(γA)
in terms of f(z). In this section we consider the case of the straight belt AS defined by (2.1).
To calculate Area(γAS), we need to find the area of a generic surface N such that
∂N = ∂AS. In general, the area of an m dimensional submanifold N ⊂M is given by
Area(N) =
∫
N
dmx
√
|gN |, (2.6)
where gN = det(gab) and gab is the pull-back of the metric g˜µν on manifold M to N such
that gab = ∂ax
µ∂bx
ν g˜µν .
Since g˜µν is given by (2.3), one can define an embedding function z = z(x) which
respects the Rm−1 planar symmetry so that gab is given by
ds2N = R
2
(
[z′f(z)]2dx2 + dx2 +
∑m
i=2 dx
2
i
z2
)
, where z′ =
dz
dx
. (2.7)
Then using (2.6),
Area(NAS) = AN(l) = RmLm−1
∫ l
2
− l
2
dx
√
[z′f(z)]2 + 1
zm
= RmLm−1
∫ l
2
− l
2
L(z′, z, x) dx, (2.8)
where we have regularized the directions {x2, · · · , xm} to be length L (following the same
procedure as [30]).
To find the minimal surface γAS , we solve δAN(l) = 0. Noting the the Hamiltonian
H(z, z′) = z′ dL
dz′
− L = [z
′f(z)]2
zm
√
[z′f(z)]2 + 1
−
√
[z′f(z)]2 + 1
zm
, (2.9)
is independent of the variable x, we can write H as a constant such that
H = −z−m∗ , where z′|z=z∗ = 0
⇒ dz
dx
=
√
z2m∗ − z2m
zmf(z)
. (2.10)
4Since we will calculate the area of static minimal surfaces, area expressions will not include h(z). Thus
one cannot recover h(z) using the method outlined. Although one maybe able to extend such a method
by requiring the entanglement entropy be time-dependent [32]
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Along with the boundary conditions z(±l/2) = 0, (2.10) defines the profile function z(x)
for the minimal surface γAS .
We illustrate the shapes of z(x) for a (4 + 1)−dimensional planar black hole (see (2.5)),
with different horizon depths z+, in figure 2. It is noted that minimal surfaces in pure
AdS probe furthest into the bulk. This is because γAS has no timelike component, so the
presence of the null surface z = z+ flattens the shape of γAS such that z∗ < z+. It is also
observed that as one increases the dimension of AS, z∗ increases. One can show this5 for
pure AdS by integrating (2.10) over the boundary values
l = 2
∫ z∗
0
dz
zm f(z)√
z2m∗ − z2m
, (2.11)
and then setting f(z) = 1,
z∗(m) =
l
2
Γ( 1
2m
)√
pi Γ(1+m
2m
)
≈ l
pi
(
m− 2γE − 2ψ(0)(1/2)
)
. (2.12)
where γE is the EulerMascheroni constant and ψ
(0) is the Polygamma function of order
zero, and so for pure AdS z∗(m + 1) > z∗(m). The same result is also observed for the
planar black hole (see figure 3), where the lines (2.12) and z∗ = z+ asymptote the curves
z∗(m) for small and large m respectively. Thus increasing the number of dimensions probes
more of the bulk geometry6, and so compared with the previous chapter where we look at
a 2 + 1 dimensional bulk, we will be able to recover more of the bulk geometry.
5Using
∫ 1
0
dxxµ−1(1− xλ)ν−1 = 1λ
Γ(µλ )Γ(ν)
Γ(µλ+ν)
6Intuitively, this makes sense, since probing extra dimensions costs energy, the minimal surface com-
pensates by moving more into the bulk where distances are smaller.
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Figure 2: In this figure we plot the profile of static minimal surfaces bounded to a straight
belt AS of width l = 2 for planar black holes of dimension 4 + 1. The left and right
figures show minimal surfaces of spacial dimension 2 and 3 respectively for different values
of horizon depth z+ = {0.5(green), 1(blue), 2(red)}. The dashed lines correspond to the
static minimal surfaces in pure AdS space (i.e. z+ →∞).
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Figure 3: This is a plot of z∗ against the dimension of the minimal surface m in a planar
black hole spacetime of dimension 11+1 for different depths of the horizon plane z+ (shown
here by the coloured dashed lines). The pure AdS plot (i.e. z+ → ∞) given in (2.12) is
shown here by the black dashed line.
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3 The Method
We can immediately recover an expression for Area(γAS) by substituting (2.10) into (2.8)
Area(γAS) = Aγ(z∗) = 2RmLm−1
∫ z∗
a
dz
zm∗ f(z)
zm
√
z2m∗ − z2m
, (3.1)
where we have introduced a cut-off surface at z = a close to the boundary to regulate the
area functional.
We notice that Aγ is a function of the bulk quantity z∗, but must be expressed in term
of boundary variables only to be considered as boundary data. The entanglement entropy
SA is given as a function of the belt width l, and so one must find a map SA(l) 7→ Aγ(z∗)
which is independent of the metric function f(z). This can be achieved via the chain rule
dSA(l)
dl
=
1
4G
(d+2)
N
dz∗
dl
dAγ(z∗)
dz∗
∣∣∣
m=d
. (3.2)
Using (3.1) and the Leibniz rule we have,
dAγ
dz∗
= 2RmLm−1
[
f(z∗) lim
z→z∗
{
1√
z2m∗ − z2m
}
−m
∫ z∗
0
dz
zm−1∗ z
m f(z)
(z2m∗ − z2m)
3
2
]
, (3.3)
and from (2.11) we have,
dl
dz∗
= zm∗
[
f(z∗) lim
z→z∗
{
1√
z2m∗ − z2m
}
−m
∫ z∗
0
dz
zm−1∗ z
m f(z)
(z2m∗ − z2m)
3
2
]
. (3.4)
Combining these equations we find that
dSA
dl
=
RdLd−1
2zd∗G
(d+2)
N
. (3.5)
Thus, one can map l 7→ z∗ and so SA(l) 7→ Aγ(z∗) independently of the metric and we are
justified in using (3.1) for the extraction of f(z).
By rewriting (3.1) in the more digestible form, where A˜γ(z∗) = Aγ(z∗)
2RdLd−1zd∗
, p(z) =
f(z)
zd
and g(z) = z2d, we have
A˜γ(z∗) =
∫ z∗
a
dz
p(z)√
g(z∗)− g(z)
. (3.6)
The solution to the integral equation of the form f(x) =
∫ x
a
y(t)dt√
g(x)−g(t) , where
dg
dx
= g′(x) > 0,
is given by ([37]),
y(x) =
1
pi
d
dx
∫ x
a
dt
f(t)g′(t)√
g(x)− g(t) . (3.7)
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One can apply this solution to our particular case, and substituting back in for our original
variables, we find,
f(z) =
d zd
piRdLd−1
d
dz
∫ z
a
dz∗
Aγ(z∗) zd−1∗√
z2d − z2d∗
. (3.8)
Thus, using (3.5) and (3.8), we have found a map SA(l) 7→ f(z) which is independent of
f(z) and so determines the metric function uniquely in the limit a/z → 0.
4 Checking the Inversion
We can check the validity of (3.8) by looking at a simple case where both the entanglement
entropy and metric are known, i.e. pure AdS.
Using the result from [30], the entanglement entropy of an d dimensional straight belt
of width l defined by (2.1) is given by7
SA(l) =
2Rd
4G
(d+2)
N (d− 1)
(
L
a
)d−1
− 2
d+1pid/2Rd
4G
(d+2)
N (d− 1)
(
Γ(d+1
2d
)
Γ( 1
2d
)
)d(
L
l
)d−1
. (4.1)
Using (3.5), we find that
l
2
= z∗
√
pi
Γ(d+1
2d
)
Γ( 1
2d
)
. (4.2)
Note that this is exactly the result given in (2.12), only in this case we have not used the
fact that f(z) = 1.
By combining (4.1) and (4.2) with (1.3), we see that
AS(z∗) = 2R
d
d− 1
(
L
a
)d−1
− 2
√
piRd
d− 1
Γ(d+1
2d
)
Γ( 1
2d
)
(
L
z∗
)d−1
. (4.3)
Substituting (4.3) into (3.8), we have
f(z) =
2d
pi(d− 1)
(z
a
)d−1
I1(z)− 2d
√
pi
pi(d− 1)
Γ(d+1
2d
)
Γ( 1
2d
)
I2(z), (4.4)
7The d+ 2 dimensional bulk Newton constant G
(d+2)
N can be related to boundary CFT parameters via
AdSd+2/CFTd+1 for a particular choice of boundary theory. For example, when d = 2, AdS4 × S7 space
in eleven dimensional supergravity is considered to be dual to 2 + 1 dimensional N = 8 SU(N) SCFT. In
this case
G
(4)
N
R2 =
3
2
√
2
N−3/2.
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where
I1(z) = z
d
dz
∫ z
a
dz
zd−1∗√
z2d − z2d∗
= z
d
dz
∫ 1
a/z
dx
xd−1√
1− x2d
=
(a
z
)d(
1 +
1
2
(a
z
)2d
+O
(a
z
)4d)
, (4.5)
and
I2(z) = z
d d
dz
∫ z
a
dz∗√
z2d − z2d∗
= zd
d
dz
1
zd−1
∫ 1
a/z
dx√
1− x2d
= zd
d
dz
1
zd−1
∫ 1
0
dx√
1− x2d − z
m d
dz
1
zd−1
∫ a/z
0
dx√
1− x2d
= −(d− 1)√piΓ(
2d+1
2d
)
Γ(d+1
2d
)
+
(a
z
) 1√
1− (a/z)2d
+(d− 1)
∫ a/z
0
dx√
1− x2d
= −(d− 1)√piΓ(
2d+1
2d
)
Γ(d+1
2d
)
+ d
(a
z
)(
1 +O
(a
z
)2d)
. (4.6)
Combining the results, we have
f(z) = 1 +
2d
pi(d− 1)
(a
z
)(
1− d√piΓ(
d+1
2d
)
Γ( 1
2d
)
+O
(a
z
)2d)
. (4.7)
Taking the limit a/z → 0, we get the required result for pure AdS.
5 The Series Solution
One can consider examples of area functions for which one can recover analytic expressions
for the metric function f(z) using (3.8). Take the infinite series describing a d−dimensional
surface about the known AdS result (4.3),
AS(z∗) = 2Rd
(
L
z∗
)d−1 ∞∑
n=0
bn(d)z
n
∗ , (5.1)
where b0(d) = −
√
pi
d−1
Γ( d+1
2d
)
Γ( 1
2d
)
and bd−1(d) = 1d−1
1
ad−1 .
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By applying (3.8), we have
f(z) =
2dzd
pi
d
dz
∫ z
a
dz∗
∑∞
n=0 bn(d)z
n
∗√
z2d − z2d∗
=
2dzd
pi
∞∑
n=0
bn(d)
d
dz
zn+1−d
∫ 1
0
dx
xn√
1− x2d +O(a/z)
= 1 +
1√
pi
∞∑
n=1
bn(d)(n+ 1− d)
Γ(n+1
2d
)
Γ(n+d+1
2d
)
zn
= 1 +
∞∑
n=1
b˜nz
n, (5.2)
where b˜n = (n+ 1− d) Γ(
n+1
2d
)
Γ(n+d+1
2d
)
bn(d).
Using this result, one can recover the planar black hole in d+2 dimensions with horizon
radius z+. The metric function in this case is given by
f(z) =
1√
1− (z/z+)d+1
= 1 +
∞∑
n=1
Γ(n+ 1/2)
2n!
√
pi
(
z
z+
)n(d+1)
. (5.3)
This series is necessarily convergent as 0 < z ≤ z∗ < z+ (see figure 3), and can be recovered
using ansatz (5.1) with
bn>0(d) =

1
2
√
pi(n+ 1− d)
Γ(2n+1
2
)
Γ(n+ 1)
Γ(n+d+1
2d
)
Γ(n+1
2d
)
1
zn+
if n
d+1
∈ Z+
0 otherwise
(5.4)
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6 Extracting the Bulk Metric for a Circular Disk
Now we have a method for determining the metric function f(z) in (2.3) in the case of a
straight belt AS, we can look at other types of shapes where the calculation of the entan-
glement entropy in the CFT is relatively simple. In particular we consider the circular disk
AD defined by (2.2).
We can rewrite (2.3) in polar coordinates, to respect the symmetry of AD, as
ds2 = R2
(−h(z)2 dt2 + f(z)2 dz2 + dr2 + r2dΩ2d−1
z2
)
, (6.1)
where r is the radial coordinate on the boundary.
Following the same procedure as the straight belt, but using the embedding z = z(r),
the area of a general m dimensional static surface N , such that ∂N = ∂AD, is given by
Area(N) = AN(l) = Rm Vol(Sm−1)
∫ l
0
dr rm−1
√
1 + (z′f(z))2
zm
= Rm Vol(Sm−1)
∫ l
0
L(z′, z, r) dr (6.2)
Compared to the straight belt, we have r dependence in the Lagrangian and so the Hamil-
tonian is not constant. Thus using the Euler-Lagrange equation
d
dr
dL
dz′
=
dL
dz
(6.3)
we have
rf(z)2zz′′ + (m− 1)f(z)4z(z′)3 +mrf(z)2(z′)2
+ rf(z)f ′(z)z(z′)2 + (m− 1)f(z)2zz′ +mr = 0, (6.4)
Solving for z(r) with the boundary conditions z(l) = 0 and z′(0) = 0 give us the minimal
surface γAD . For pure AdS where f(z) = 1, the solution to (6.4) is given by, z
2 + r2 = l2.
Thus the static minimal surface γAD anchored to the boundary of AD, in pure AdS space,
is a semi-circle of radius l for m = 1 and a hemisphere of radius l for m > 2.
6.1 A Perturbative Approach
A general solution to (6.4) is intractable, but we can attempt to find z(r) perturbatively,
solving order by order in a parameter ε about the known AdS solution.
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To proceed, we will find the perturbation equations simplify if we rewrite (6.4) in the
coordinate v = r2, giving
2f(z)2[mz′(z + 2vz′) + 2vzz′′] + 8(m− 1)vf(z)4z(z′)3
+ 4vf(z)zf ′(z)(z′)2 +m = 0 (6.5)
where z′ = dz
dv
etc.
Now we can ansatz a solution for z(v) in orders of ε, which will eventually be set to 1,
f(z) = 1 +
∞∑
i=1
εiaiz
i(d+1) and z(v) =
√
b− v +
∞∑
i=1
εiz(i)(v), (6.6)
where v = r2 and b = l2.
Substituting ansatz (6.6) into (6.5), the O(εn) equation is given by
A(v) z′′(n)(v) +B(v) z
′
(n)(v) + C(v) z(n)(v) = D(n−1)(v), (6.7)
where
A(v) = 4v
√
b− v, B(v) = 2(bm− 3v)√
b− v , C(v) = −
bm
(b− v)3/2 , (6.8)
and D(n−1)(v) is determined from the (n− 1)th solution.
The homogeneous equation has a non-trivial particular solution,
z(1)(v) = (b− v)−1/2. (6.9)
From this one can construct the second solution [38]
z(2)(v) = z(1)(v)
∫
W (v)
(z(1)(v))2
dv, where W (v) = e−
∫ B(v)
A(v)
dv
=
1√
b− v
∫
dv
(b− v) 5−m2
vm/2
. (6.10)
The general solution of (6.7) is then given by,
z(n)(v) = C1z
(1)(v) + C2z
(2)(v) + z(2)(v)
∫
dv
D(n−1)(v) z(1)(v)
A(v)W (v)
− z(1)(v)
∫
dv
D(n−1)(v) z(2)(v)
A(v)W (v)
, (6.11)
where C1, C2 are determined by the boundary conditions z(n)(b) = 0 and limv→0(
√
vz′(n)(v)) =
0. We see immediately that as v → 0, √vz′(2)(v) ∼ O(v−m−12 ), and so we must set C2 = 0.
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Expression (6.11) then becomes
z(n)(v) =
C1√
b− v +
√
b− v
(∫
dv
(b− v)m−12
vm/2
)∫
dv D(n−1)(v)
v
m−2
2
4(b− v)m+12
−√b− v
∫
dv
(
D(n−1)(v)
v
m−2
2
4(b− v)m+12
∫
dv
(b− v)m−12
vm/2
)
. (6.12)
The constant C1 is determined by the condition that z(n)(v) is non-singular at the bound-
ary v = b.
The integrals is (6.12) can be solved analytically at first order given the dimension of the
surface m and D(0) =
2bm−3v√
b−v a1. In figure 4 we compare the shape of a 2-dimensional min-
imal surface γAD using the perturbative method to first order with the numerical solution
for a particular planar black hole. We also compare the numerical and first order solutions
for increasing m. We note the same result as for the straight belt that z∗(m+ 1) > z∗(m),
where z∗ = z(1)(0) is the maximum distance the minimal surface probes the bulk. We also
find the expected pattern that the perturbative solution approaches the numerical solution
as it nears the pure AdS hemisphere.
0 0.5 1
r
0.2
0.4
0.6
0.8
1
zHrL
1 2 3 4 5 6 7 8 9
m
0.85
0.9
0.95
1
z
*
Figure 4: The left diagram plots profile functions z(r) anchored to the the circular disk
AD of radius l = 1 and dimension m, for the metric function f(z) = (1 − z10)−1/2. This
spacetime describes a planar black hole in 10 + 1 dimensions of horizon depth z+ = 1. The
dashed, red and blue curves show pure AdS, the numerical solution and the first order
perturbed solution to (6.4) respectively for m = 2. The r axis is the boundary of the
spacetime. The right diagram shows how the maximum height z∗ changes for these curves
as one increases the dimension of the circular disk up to the maximum allowed by the
dimension of the spacetime.
In theory, we have an expression for the minimal surface to any order in the perturba-
tion, we can simply plug (6.11) and (6.6) into (6.2) and equate orders of ε to determine
the perturbed minimal surface area Area(γAD) = Aγ(l). Computing Aγ(l) at first order in
16
ε by substituting (6.6) into (6.2) with r = l
√
1− y2, we have
Aγ(l) = Rm Vol(Sm−1)
∫ 1
a/l
dy
(1− y2)m−22
ym
+Rm Vol(Sm−1)
εa1
l
d
2
∫ 1
a/l
dy
(1− y2)m−22
ym+2
z(1)(y)
−Rm Vol(Sm−1)εa1
l
∫ 1
a/l
dy
(1− y2)m/2
ym
z′(1)(y) (6.13)
One can now relate the expressions for Aγ(l) and f(z) through the parameter a1 once ε is
set to 1.
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7 Discussion
In this paper, we extended the ideas and methods of metric extraction explored in [27] to
another set of bulk probes anchored to the boundary, namely multi-dimensional minimal
surfaces. As discussed in [29, 39], higher-dimensional surfaces probe deeper for spacetimes
satisfying energy conditions, so it makes sense to study such probes. We considered static,
(d+ 2)−dimensional planar symmetric, asymptotically AdS spacetimes of the form8
ds2 = R2
(
−h˜(z)2 dt2 + f˜(z)2 dz2 + dΣ2d
z2
)
. (7.1)
We pick this particular form of the metric since this is the natural generalisation of the
pure AdS metric (h˜(z) = f˜(z) = 1) used in [30, 31], where analytical expressions for the
entanglement entropy were found. Since the minimal surfaces must be anchored to some
shape on the boundary, we picked two cases. The straight belt given defined in (2.1) where
dΣ2d =
∑d
i=1 dx
2
i , and the circular disk defined in (2.2) where dΣ
2
d = dr
2 + r2dΩ2d−1.
We first considered the straight belt AS. Comparing minimal surfaces of different di-
mension at fixed width on the boundary, we found for pure AdS, and planar black hole
geometries, that higher dimensional surfaces probe further into the bulk, thus agreeing
with [29]. We then found and expression for the area of these minimal surfaces Aγ(z∗) in
terms of the metric function f˜(z). We showed that the function Aγ(z∗) can be determined
from the entanglement entropy SAS(l) of the straight belt AS of width l in the boundary
dual CFT without prior knowledge of the bulk geometry. Via the observation that equa-
tion (3.1) was an integral equation with known solution (3.8), we were able to extract the
metric function f˜(z), with knowledge of the entanglement entropy SAS(l) of the straight
belt AS of width l. This was confirmed for the known pure AdS result. We were also able
to find a series solution for f˜(z), where one was able to recover the planar black hole.
One may ask the question whether one can extract h˜(z)? The answer is negative if one
considers only static surfaces, since the area functional does not depend on the timelike
component of the metric. However, if we make the straight belt time-dependent, then
using the covariant holographic entanglement entropy proposal [32], one might be able to
determine h˜(z) using extremal surfaces.
We then turned our attention to the circular disk shape AD. One finds in this case
that the minimal surface equations are not as simple, since the area density (see (6.2))
depends on the boundary coordinate r. As such, one is forced to consider a perturbative
approach9. This was achieved by perturbing about the known pure AdS solution where
8We use the tilde notation to distinguish from the metric functions described earlier in this chapter.
9A Hamilton-Jacobi method was also attempted. In this case, the Hamilton-Jacobi equation becomes(
∂S
∂r
)2
+
1
f˜(z)2
(
∂S
∂z
)2
=
r2m−2
z2m
, (7.2)
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the minimal surface is a d−dimensional hemisphere of radius l, given in terms of the profile
function z(r) as z2 + r2 = l2. Fortunately, the minimal surface equations reduce to non-
linear second order, inhomogeneous differential equations with a known particular solution
(6.7). This allowed us to construct a general solution at each order in the perturbation,
and at first order, find an analytical expression for the minimal surface profile function z(r)
in any dimension. One could then compare such a solution to the solution obtained by
numerically solving the equations of motion. This was illustrated in Figure 4, where it was
observed that as the numerical solution approaches the pure AdS solution, the first order
perturbative solution becomes more accurate. Obtaining higher order terms to the profile
function proved intractable since the integrals of (6.11) cannot be solved analytically, and
a series solution to the integrals ran into convergence issues.
How could one extend the methods presented in this paper to other cases? The most
natural extension is to consider other shapes on the boundary where expressions for the
entanglement entropy dual to pure AdS are known. A known example10 is the cusp AW
in a (2 + 1)−dimensional CFT. In polar boundary coordinates (r, θ), a cusp of angle Ω is
defined in terms of its boundary
∂AW = {(r, θ)|0 ≤ r <∞, θ = 0} ∪ {(r, θ)|0 ≤ r <∞, θ = Ω}. (7.3)
One could then attempt to solve for the area of the minimal surface anchored to ∂AW in
terms of the metric function f˜(z). However, one would have to find a suitable regulator
for the area of the cusp in the bulk.
where S = S(z, r, C) is Hamilton’s principle function. If this can be solved for S, one can determine z′(r)
via the equation ∂L∂z′ =
∂S
∂z , where L = L(z, z′, r) is given in (2.8).
10See [40] for a holographic calculation of the entanglement entropy in pure AdS
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